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Abstract. We consider the non-equilibrium dynamics of the East model, a linear chain 
of 0-1 spins evolving under a simple Glauber dynamics in the presence of a kinetic 
constraint which forbids flips of those spins whose left neighbor is 1. We focus on the 
glassy effects caused by the kinetic constraint as g J, 0, where q is the equilibrium density 
of the O's. In the physical literature this limit is equivalent to the zero temperature limit. 
We first prove that, for any given L — 0{l/q), the divergence as g 4- of three basic 
characteristic time scales of the East process of length L is the same. Then we examine 
the problem of dynamic heterogeneity, i.e. non-trivial spatio-temporal fluctuations of 
the local relaxation to equilibrium, one of the central aspects of glassy dynamics. For 
any mesoscopic length scale L = 0{q^^), 7 < 1, we show that the characteristic time 
scale of two East processes of length L and XL respectively are indeed separated by 
a factor g^", a — 0(7) > 0, provided that A > 2 is large enough (independent of g, 
A = 2 for 7 < 1/2). In particular, the evolution of mesoscopic domains, i.e. maximal 
blocks of the form 111.. 10, occurs on a time scale which depends sharply on the size of 
the domain, a clear signature of dynamic heterogeneity. A key result for this part is a 
very precise computation of the relaxation time of the chain as a function of (g, L), well 
beyond the current knowledge, which uses induction on length scales on one hand and 
a novel algorithmic lower bound on the other. Finally we show that no form of time 
scale separation occurs for 7=1, i.e. at the equilibrium scale L — 1/g, contrary to 
what was assumed in the physical literature based on numerical simulations. 
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1. Introduction 

Kinetically constrained spin models (KCMs) are interacting 0-1 particle systems on 
general graphs evolving with a simple Glauber dynamics which can be described as 
follows. At every vertex x the system tries to update the occupancy variable (or spin) 
at X to the value 1 or with probability 1 — q and q respectively. However the update at x 
is accepted only if a certain local contraint is verified by the current spin configuration. 
That explains the wording "kinetically constrained". The constraint at site x is always 
assumed not to depend on the spin at x and therefore the product Bernoulli(l — q) 
measure vr is the reversible measure. Typical constraints require, for example, that a 
certain number of the neighboring spins are in state 0, or more restrictive, that certain 
preassigned neighboring spins are in state (e.g. the children of x when the underlying 
graph is a rooted tree) . 

The main interest in the physical literature for KCMs (see e.g. [2, 5, 15, 26, 28, 29]) 
stems from the fact that they display many key dynamical features of real glassy ma- 
terials: ergodicity breaking transition at some critical value qc, huge relaxation time 
for q close to qc, dynamic heterogeneity (non-trivial spatio-temporal fluctuations of the 
local relaxation to equilibrium) and aging just to mention a few. Mathematically, de- 
spite of their simple definition, KCMs pose very challenging and interesting problems 
because of the hardness of the constraint, with ramifications towards bootstrap percola- 
tion problems [30], combinatorics [9,31], coalescence processes [12, 14] and random 
walks on triangular matrices [24] . Some of the mathematical tools developed for the 
analysis of the relaxation process of KCMs proved to be quite powerful also in other 
contexts such as shuffling cards problems [3] and random evolution of surfaces [8]. 

In this paper we analyze one of the most popular KCMs namely, the East model (see 
e.g. [17, 28, 29] and [1, 6, 13]), which consists of a linear chain (finite or infinite) 
of 0-1 spins evolving under a simple Glauber dynamics in the presence of the kinetic 
constraint which forbids flips of those spins whose left neighbor is in state 1. To avoid 
trivial irreducibility issues when the chain is either finite or semi-infinite, one always 
assumes that the leftmost spin is unconstrained. 

It is known that the relaxation time (cf. (2.2)) of the East model is uniformly 
bounded in the length L of the chain [1, 6] and that, because of the constraints, it 
diverges very rapidly as q | (cf. Theorem 1.4 below). The mixing time (cf. (2.3)) 
instead diverges linearly in L. It is also known [7] that, starting from a large class of 
initial laws (e.g. a non-trivial Bernoulli(l — q') product measure, q' / g), the expected 
value at time t of a local function / converges exponentially fast to vr(/), the mean of 
/ w.r.t. the reversible measure vr. These results prove, in a broad sense, exponential 
relaxation to equilibrium for time scales larger than the relaxation time for the infinite 
chain. 

However the most interesting and challenging dynamical behavior, featuring aging 
and dynamic heterogeneity, occurs for g <C 1 on time scales shorter than the relaxation 
time. Building upon the non-rigorous picture in the physics literature [29] but going 
well beyond it, it was proved in [12] that, for all N independent of q, the dynamics 
of the infinite East chain in a space window [1, 2^] and up to time scales 0{l/q^) is 
well approximated, as g | 0, by a certain hierarchical coalescence process (HCP) [14]. In 
this HCP vacancies are isolated and domains (maximal blocks of the form 111.. 10) with 
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cardinality between 2"^^ and 2", n ^ N, coalesce with the domain at their right only at 
time scale ~ As a result, aging and dynamic heterogeneity in the above regime 

emerge in a natural way with a scaling limit for the relevant quantities in the same 
universality class as several other mean field coalescence models of statistical physics 
[10]. 

However the above result says nothing about the dynamics and its characteristic 
time scales at intermediate (mesoscopic) length scales L = 1/q'^, < 7 < 1, or at 
the typical inter-vacancy equilibrium scale Lc = 1/q. As clarified later on (cf. Section 
2.1.1), at these length scales the low temperature dynamics of the East model is no 
longer predominantly driven by an effective energy landscape as in [12], but entropic 
effects become crucial and a subtle entropy/energy competition comes into play. In the 
physical literature these effects have been neglected and the characteristic time scale 
tn ~ l/^z"^, appropriate for domains of length L„ 2", n = 0(1), has been extrapolated 
up to the equilibrium scale Lc = 2'°S2(i/'3) leading for example to the wrong prediction 
of a relaxation time ~ (i/g)iog2(i/9) (to be compared with the bounds given in Theorem 
2). 

In this paper we analyse the low temperature dynamics in the above setting. We first 
show (cf. Theorem 1) that three natural characteristic time scales of the East model 
of length L = 0(l/q) have a similar scaling as g ^ 0. This equivalence is important 
because of various notions of "relaxation time" which appear in the physical literature. 
Secondly we prove a sharp separation of time scales and dynamic heterogeneity (cf. 
Theorems 3 and 5) at mesoscopic length scale L = l/q^,G<^<l. h key ingredient 
for the above results is a novel and detailed computation of the relaxation time of 
finite East chains as g J, 0, in which the entropic contributions in the upper and lower 
bounds are pinned down very precisely (cf. Theorem 2) . The upper bound is obtained 
via a substantial refinement of the recursive technique first introduced in [6]. Instead 
the lower bound has been inspired by capacity methods and is obtained via a novel 
construction in the configuration space of a bottleneck. The equilibrium weight of the 
bottleneck is computed in an algorithmic fashion. 

In Theorem 4 we also prove that no time scale separation occurs for 7=1, i.e. at 
the equilibrium scale Lc = l/q. This precludes the time scale separation hypothesis in 
[28, 29] , put forward on the basis of numerical simulations, which was a keystone of 
the super-domain dynamics formulation. This is an example of a case in which numer- 
ical simulations can be misleading because of the extremely long time scales involved, 
emphasizing the need for rigorous work. 

The above results combined with the hierarchical coalescence picture of [12] com- 
plete somehow the picture of the non-equilibrium dynamics of the East model up to 
the equilibrium scale Lc = l/q. The question of a mathematically rigorous description 
of the stationary dynamics, for which the typical domain has length proportional to 
Lc = l/q, remains open. In their seminal paper [1] Aldous and Diaconis proposed 
the following very appealing conjecture. As q I the vacancies of the stationary East 
process in [0, +00), after rescaling space by q and speeding up the process by the relax- 
ation time, converge to a limit point process Xt on [0, +00) which can be described as 
follows: 

(i) At fixed time t, Xt is a Poisson point process of rate 1. 
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(ii) For each £ > 0, with a positive rate depending on £ each particle deletes all particles 
to its right up to a distance £ and replaces them by new sample of the Poisson process. 

Proving the conjecture is certainly one of the challenging open problems for the 
model. 

1.1. Model and notation. We will consider a reversible interacting particle system 
on finite intervals A of N := {1, 2, . . . } of the form A = {a,a + 1, . . . ,a + L — 1} (for 
shortness A = [a, a + L — 1] if clear from the context) with Glauber type dynamics on the 
configuration space := {0, 1}'^, reversible with respect to the product probability 
measure tta := IlxGA^a^^' where tt^ is the Bernoulli(l — q) measure. Since we are 
interested in the small q regime throughout the following we will assume q ^ 1/2. 

Remark 1.1. Sometimes in the physical literature the parameter q is written as q = i^f-n , 
/3 being proportional to the inverse temperature, so that the limit q 10 corresponds to the 
zero temperature limit. 

Elements of $7a will usually be denoted by the Greek letters a,r], . . . and will 
denote the occupancy variable at the site x. The configuration after flipping the spin 
on site x will be denoted by a^, 



The restriction of a configuration a to a subset F of A will be denoted by ay- In the 
sequel it will be useful to use the convention that aa-i = 0, i.e. there is a fixed vacancy 
on the left of the interval. 

The East process (a continuous time Markov chain) can be informally described as 
follows. Each vertex x ^ a waits an independent mean one exponential time and then, 
provided that the current configuration a satisfies the constraint a^-i = 0, the value of 

at X is refreshed and set equal to 1 with probability I — q and to with probability 
q. The leftmost vertex x = a is unconstrained. 

Remark 1.2. Sometimes in the literature one refers to the East process as the above process 
but with the constraint at x satisfied iff the vertex immediately to right of x is empty. Of 
course the two processes are equivalent under the mapping x i-^ —x. We refer to [13] and 
[26] for mathematical and physical background. 

The associated infinitesimal Markov generator C\ is given by 



encodes the constraint and TTxif) denotes the conditional mean ttaH \ {o'y}yj^x)- 

The quadratic form or Dirichlet form associated to — £a will be denoted by Pa and 
takes the form 




(1.1) 




(1.2) 



where 





(1.4) 
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where Var^.(/) denotes the conditional variance 7r^(/^) — T^xif Y given {ay}y^x- 

When the initial distribution at time t = is z/ the law and expectation of the process 

will be denoted by and respectively. \i v = 5^ we write P^, E^. 

In the sequel it will be quite useful to isolate some special configurations in VL\. We 

will denote by 10 the configuration with a single vacancy located at the right end of A 

and by 1 the configuration with no vacancies. 

1.2. Graphical construction and basic coupling. Here we recall a standard graphical 
construction which defines on the same probability space the finite volume East process 
for all initial conditions. Using a standard percolation argument [11,20] together with 
the fact that the constraints are uniformly bounded and of finite range, it is not 
difficult to see that the graphical construction can be extended without problems also 
to the infinite volume case. 

To each x G A we associate a mean one Poisson process and, independently, a family 
of independent Bernoulli(l — q) random variables {sx,k : G N}. The occurrences 
of the Poisson process associated to x will be denoted by {t^. ^ : A; G N}. We assume 
independence as x varies in A. Notice that with probability one all the occurrences 
{tx,k}km,x&K are different. This defines the probability space. The corresponding prob- 
ability measure will be denoted by 

Given G J^a we construct a continuous time Markov chain {i]{s)}s>o on the above 
probability space, starting at t = from rj, according to the following rules. At each 
time t = tx,n the site x queries the state of its own constraint c^. If and only if the 
constraint is satisfied then t^^n is called a legal ring and at time t the configuration 
resets its value at site x to the value of the corresponding Bernoulli variable „. It 
is easy to check that the above construction actually gives a continuous time Markov 
chain with generator (1.2). We will refer in the sequel to the above construction as the 
basic coupling for the process. 

Remark 1.3. Notice that the rings and coin tosses at x for s ^ t have no influence 
whatsoever on the evolution of the configuration at the site x — 1 which determines the 
constraint Cx and thus they have no influence of whether a ring at xfor s > t is legal or 
not. 

A first immediate consequence of the construction is the following characterization 
of the coupling time of the chain. Starting from ^ = 1 define t^^^ as the first legal ring 
in X G A. Then elementary induction gives that, for any a; G A, any rj and any t > t^^\ 

Vyit) = Cy{t) Vy ^ X. (1.5) 

In particular 

The second consequence of the basic coupling is the following property (see [12, 
Lemma 2.2]). Fix 1 < 6 < c L in N and let 



A = {1,2,...,L}, Ai = {1,2,...,6}, As = {6 + 1,6 + 2,. ..,c}. 
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For any rj e Qa take two events A and B, belonging respectively to the cr-algebras 
generated by {rixis)}s t,xeAi and {'i]xis)}s ^ t,xeA2- Then, 

F^{A nBn = oys^t}) = F^^^ (A) ¥^i^ {B n = ^ t}) . 

The last, simple but quite important consequence of the graphical construction is the 
following one. Assume that the zeros of the starting configuration a are labeled in 
increasing order as xq, . . . , x„ and define r as the first time at which one the x,'s 
is killed, i.e. the occupation variable there flips to one. Then, up to time r the East 
dynamics factorizes over the East process in each interval [xj, Xj+i). 

1.3. Ergodicity and some background. The finite volume East process is trivially ex- 
ponentially ergodic because the variable rfa at the beginning of the interval A is uncon- 
strained (c^(o-) = 1). The infinite volume process in Z+, which can be constructed by 
standard methods [19], is also ergodic in the sense that is a simple eigenvalue of the 
corresponding generator C thought of as a self adjoint operator on L?'{Q., vr) [6]. As far 
as more quantitative results are concerned we recall the following (see [6] for part (i) 
and [7] for part (ii)). 

Theorem 1.4. 

(i) The generator C has a positive spectral gap A = X{q). Moreover 

limlog(A-^)/(log(l/g))2 = (21og2)-i. 

94,0 

and for any interval A the spectral gap of the finite volume generator (1.2) is not 
smaller than A. 

(ii) Assume that the initial distribution v is a product Bernoulli(a) measure, a G (0, 1). 
Then there exists m G (0, A] and for any function f depending on finitely many 
variables there exists a constant Cf such that 

|IE.[/(cT(t))]-vr(/)KC/e-™* 

The above results show that relaxation to equilibrium is indeed taking place at an ex- 
ponential rate on a time scale Trdax = A~^ which is very large of the order of e'=i°g(V'?)', 
c = (2 log 2)"^, for small values of q. 

2. Main results 

In order to state our main findings we first need to define some appropriate char- 
acteristic time scales associated to the East process on the interval A = [a,a + L — 1]. 
Without loss of generality we take a = 1. As is apparent from their definition, they are 
all non-decreasing in L (see Lemma 3.1). 

The first one will be the relaxation time. 

Definition 2.1 (Relaxation time). The spectral gap, gap(£AX of the infinitesimal gener- 
ator is the smallest positive eigenvalue of —£\ and it is given by the variational principle 

gap(/:A):= inf ■ (2.1) 

f-.QA-^M. VarA(/) 
/ non constant 
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The relaxation time T^ci{L) is defined as the inverse of the spectral gap: 

TrciiL) = ^ . (2.2) 

Our second time scale is the mixing time of the process in A. 

Definition 2.2 (Mixing time). Writing \\ ■ \\ty for the total variation distance, the mixing 
time Tniix(-Z^) is defined as 

T^UL) = inf |t > : max \\¥^ir]t = ■) - 7ta{-)\\tv ^ 1/4 | • (2.3) 

It is well known (see e.g. [27]) that 

Trei(L) ^ T^UL) ^ TUL) {l + ^log(^; 

where vr* := miliar vrA(o-). The last important characteristic time is an expected hitting 
time. 

Definition 2.3 (Mean hitting time). Let t^^=i he the hitting time of the set {rj : tjl = 1}. 

Then 

Thit(L):=E^oK^=i]- (2.4) 

To understand the relevance of the last time scale, let us suppose to start the process 
from a generic configuration -q such that, for some x < y G A, rj^ = riy = while i]z = 1 
for all z G {x,y). The vacancy at x behaves as a frozen vacancy until the first time 
it disappears. In particular, it can create waves of vacancies to its right which could 
remove the vacancy at y. Conditioned on the vacancy at x surviving, the expected 
time to remove (or kill) the vacancy at y is given by Thit(^) with i = y — x. Thus the 
time scales Thit(-) can be used as a first attempt to measure the lifetime of the domains, 
i.e. the maximal intervals of consecutive I's. 

Remark 2.4. In the sequel we wi/Z be interested in the above time scales as functions of 
the facilitating density q as q I 0. The dependence on q will, in general, be twofold: that 
due to the East dynamics and that due to a (possible) dependence of the length scale L on 
Q- 

2.1. Bounds on the characteristic times. Roughly speaking our first result states that, 
for g ^ 1 and for all length scales L ^ const x 1/q, the above time scales are all of the 
same order as a function of q. 

Definition 2.5. Given two positive functions f, h on the interval (0, 1) we wiZZ virrite f ^ h 
if 

n ^ r ■ f ■^(^) ^ r f^l^ ^ , 

U < iimmi 7--^ ^ limsup 7--^ < +00. 

qiO h{q) h[q) 
If instead there exists a positive constant /3 such that 



liminf g'^f-)^ > 
qiO h{q) 



then we will write f >~ h. 



Remark 2.6. Notice that the relation >- requires a rather strong divergence of the ratio 
f{q) /h{q) as q 10. Such a choice was motivated by some worfc on the topics discussed here 
which appeared in the physical literature (see [28,29]^. 

Theorem 1 (Equivalence of characteristic times up to scale 0{l/q)^). For each L 

(1 - rhit(L) ^ r,ei(L) ^ r„,i,(L) AT^i^iL) (2.5) 
In particular, if L = 0{l/q), then T,^i{L) ~ ~ Ti,^{L). 

Remark 2.7. The equivalence between T^i^iL) and Tiiit{L) agrees with a recent general 
result [22,25] roughly saying that the mixing time of a Markov chain coincides with the 
mean hitting time of some likely (w.r.t. ttaJ set. In our case, the likely set is simply the 
event {tjl = 1}. Further information on Tiiit{L) is given in Section 3, where also its 
equivalence with another hitting time is established. 

Having established the above equivalence, the next important question concerns the 
dependence of the time scales on the length scale L. In particular it is of interest to 
know when Ti.ci(-L) >~ T^c\{L')> for L > L' Mp to the equilibrium scale 1/q. It turns out 
that this problem is quite non-trivial because of a rather subtle interplay between the 
contribution to the relaxation time coming from energy barriers and the contribution 
due to the entropy (i.e the number of ways of overcoming the energy barrier). 

It is useful to first recall some known previous bounds on T^c\{L)- In the sequel, for 
any L > 1, we will define n = n{L) := [logg where \x\ denotes the ceiling of x, 
i.e. the smallest integer number larger than x. In particular 2"^^ < L ^ 2". If clear 
from the context the dependence on L of the integer n will be omitted. 

Using rather simple energetic considerations together with a key combinatorial result 
for the East model [9], it holds that, for all small enough q, 

< TUL) < (2.6) 

for suitable positive constants c{n), c'{n) depending only on n and satisfying 

lim c{n) = lim c'(n) = +oo. 

n— >oo n— >oo 

The upper bound was proved in [12] while the lower bound follows from Lemma 5.5. 
The above bounds turn out to be quite precise for n (i.e. L) fixed and q 10. If instead 
n = n{q) depends on q and it diverges as q I 0, then the above estimates deteriorate 
quite a bit and a more refined analysis is required. 

It was showed in [1] firstly and then in [6] that supi Tj-diL) < oo for all q G (0, 1). 
In particular, in [6, 7] it was proved that, for each 6 > 0, there exists a positive constant 
C such that, for all small enough q, 

C~^q\"^*l^ ^ T,,iiL) Cg""*/^^-'^) , = logall/g) . (2.7) 

Remark 2.8. Of course the same result does not apply to the mixing time Trnix(^) or to the 
mean hitting time ThuiL)- Using the fact that the jump rates of the process are uniformly 
bounded, it is quite simple to show that the latter time scales grow linearly with L when 
L » That is of course not in contradiction with the equivalence with T^c\{L) for scale 
L up to equilibrium scale 1/q. 



We recall that / = 0(.g) means that there exists a constant C > such that |/| ^ C g 
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Unfortunately none of the above estimates is able to settle the question of whether 
Tj.ci{L) >- Tj.ci{L') or not in a satisfactory way and much more refined bounds are 
required. Our second result is a step forward in this direction. 

Theorem 2 (Bounds on the relaxation time). Given d > 0, fix an integer L G [1, d/q]. 
Then there exist positive exponents a, a' depending only on d such that 

-j-q" ^ r,ei(L) ^ —q-^ , n = \log, L] . (2.8) 

2.1.1. Some heuristics behind (2.8). Since the equilibrium vacancy density q is very 
small, most of the non-equilibrium evolution will try to remove the excess of vacan- 
cies present in the initial distribution and will thus be dominated by the coalescence of 
domains (intervals separating two consecutive vacancies) . Of course this process must 
necessarily occur in a kind of cooperative way because, in order to remove a vacancy, 
other vacancies must be created nearby (to its left) . Since the creation of vacancies re- 
quires the overcoming of an energy barrier, in a first approximation the non-equilibrium 
dynamics of the East model for (7 ^ 1 is driven by a non-trivial energy landscape. 

In order to better explain the structure of this landscape suppose that we start from 
the configuration 10 with only a vacancy at the right end of the interval A. In this case a 
nice combinatorial argument (see [9] and also [28]) shows that, in order to remove the 
vacancy within time t, there must exists s such that the number of vacancies inside 
A \ {L} at time s is at least n. A simple comparison with the stationary East model, 
using the fact that 7r(l) = 1 — o(l), shows that at any given time s the probability of 
observing n vacancies in A \ {L} is 0{q"'). Therefore, in order to have a non negligible 
probability of observing the disappearance of the vacancy at L, one expects to have to 
wait an activation time tn = 0(l/g"). In a more physical language the energy barrier 
which the system must overcome is n. 

The above heuristics in a sense explains the first main contribution (l/g)" appearing 

in (2.8). The other main contribution, n is much more subtle and more difficult 

to justify heuristically. It is an entropic term related, in some sense, to the number of 
configurations inside {1,2,...,L — 1} which can be reached from the configuration 10 
using at most n vacancies. For such a quantity, call it V{n), it was established in [9] the 
bounds 

c>!2(2) ^ V{n) ^ c>!2(2) 

with ci, C2 positive constants in (0, 1). 

A first naive guess would be that the actual relaxation time is the activation time 
tn reduced by a factor proportional to V{n)~^ (see [7] for a rigorous lower bound on 
Trci(L) based on this idea). Notice however that the true reduction factor in (2.8) is 

much smaller and equal to 2(2)/n!. Thus only a tiny fraction of the configurations 
reachable with n vacancies actually belong to the energy barrier Many configurations 
with n vacancies will return quickly to 10 before removing the vacancy at L, and are 
therefore not typically visited during an excursion which overcomes the energy barrier 

2.2. time scale separation and dynamic heterogeneity. Theorems 1 and 2 have 
some interesting consequences on two basic and strongly interlaced questions concern- 
ing the non-equilibrium dynamics of the East model at low q. The first one is whether 
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the characteristic time scales corresponding to different length scales have the same 
scaling, as (7 1 0, or not. As we will see numerical simulations in this case can be quite 
misleading. The second question is whether and to what extent we should expect dy- 
namic heterogeneity in the model. To simplify the notation we do not write explicitly 
the integer part when the meaning is clear. 

Theorem 3 (time scale separation up to mesoscopic scales). The following holds: 

(i) Given L', L independent of q, Trd {L') >- Trd (L) if and only ifn' > n. 

(ii) Given 7 G (0, 1), there exists A = A(7) > 1 such that, for all L = d/q"', d> 0, 

Trei (XL) >~ Trei (L) (2.9) 
Moreover A = 2 when 7 < 1/2. 

While at finite lengths (i.e independent of q) the question of time scale separation is 
completely characterized (see (i) above), for mesoscopic lengths of order 0(l/(/^), 7 € 
(0, 1), our knowledge is less detailed. Although time scale separation occurs between 
length scales whose ratio is above a certain threshold A (see (ii) above), we would 
like to know, for example, if it occurs in a "continuous" fashion. By that we mean the 
following. 

Definition 2.9 (Continuous time scale separation). Given 7 G (0, 1] we say that continu- 
ous time scale separation occurs at length scale Xjq^ ifT^-^i (d' /q"') >- T^ei {d/q"') whenever 
d' > d. 

In [28,29] a continuous time scale separation was conjectured for 7 = 1, i.e. for 
length scales of the order of the equilibrium inter-vacancy distance. The following 
assumption was put forward in [28, 29] on the basis of numerical simulations and 
was the base of the so-called super-domain dynamics proposed by Evans and SoUich to 
describe the time evolution of the stationary East model. 

Time scaling hypothesis. Continuous time scale separation occurs at length scale 1/q. 
Moreover there exists a strictly increasing positive function f : (0, +00) 1-^ M such that, as 
qiO, 

Trel (d/q) = Trel (1/^) (2.10) 

Remark 2.10. Strictly speaking the above hypothesis was formulated with Thit (L) in place 
ofT^c\{L). However, thanks to Theorem 1, the two formulations are completely equivalent. 

The next result shows that the above hypothesis is false. 

Theorem 4 (Absence of time scale separation on scale 1/q). There is no time scale 
separation at the equilibrium scale. More precisely 

T,,iid/q) r^T,,iid'/q) Vd, d' > 0. (2.11) 

In particular 

,i„,(M^M)^ = i, v.'>.. (2.12) 

qiO V T,cl{d/q) J 

so f in (2.10) is identically zero. 

Our last result concerns dynamic heterogeneity. Roughly speaking it says that the 
following holds for 7 e [0, 1), d > 0: 
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• Domains much shorter than d/q'^ are very unlikely to be present at time Ti-oi {d/q^). 

• An initial domain larger than d/q'^ is likely to still be present at time Tj.c\{ed/q'^) 
for some e small enough. 

Theorem 5. Let A = [1, L] and fix 7 G [0, 1), d > 0. 

(i) Assume L = o{l/q). Then, as q 10 and with t = Tj.c\{d/q"'), 

supP^(3zi < Z2 : Z2- zi ^ ed/q^ and i]zi{t) = Vziit) = 0^ = o(l) 

for all e small enough. 

(ii) Let d/q'^ ^ L ^ 1/q. Choose an initial configuration rj such that tjl = and i]^ = 1 
for all L — d/q'^ ^ x < L. Then, as q 10 and with t = T,.ci{ed/q"'), 



Oj=l-o(l) 
for all e small enough. 

3. Preliminary results on hitting times 

With A = [1,L] we prove some preliminary results about the hitting time t^^=i 
under P^q as well of the hitting time t,,^=o under Pj . The last one was also analyzed in 
[28,29] by simulations and assumed to be equivalent to Ty^=i. We also show that all 
the relevant time scales are non-decreasing as a function of L. To simplify notation we 
write TL := r^^=i and tl := r^^=o- 

Lemma 3.1. The time scales Ti.ci(L), Tmix(L), rhit(-^^) are non-decreasing in L. 

Proof Fix an integer L and consider the East model in A = [1,L]. Clearly the restriction 
of the process to the first L — 1 sites coincides with the East model in [l,L — 1]. Hence 
Trei(-L) ^ Ti.ci(L — 1) and similarly for Tmix(-i^)- As far as the mean hitting time is 
concerned we just observe that, in order to remove the last vacancy at L starting from 
10, we need to wait at least the first time tl-i for the process to remove the initial 
particle at L — 1. Thus 

Thit(L)=E^o[^L]>E^[rL_i]. 

Let A' = [1,L - 1], then as shown in Proposition 3.2 below Ej[fL_i] > Ejo[rL-~i] = 
Thit(L - 1). □ 

Proposition 3.2. The hitting time tl under P^q is stochastically dominated by the hitting 
time Tl under Pj and stochastically dominates fi-i under P^. Moreover 

E^ [fi_i] 5^ E^o M ^ cE^ [fi_i] , (3.1) 
for some constant c > 0. Furthermore 

Hoi'rL>t) i^{l/A)-WnL)\ ^ (3.2) 

Ho (ri <t) ^ et/T^,t{L), (3.3) 

where T{L) is characterized by the identity P^q {tl > T{L)) = 1/4. In addition, T{L) is 
hounded below by T^\^{L) and satisfies 

(l/4)rhit(L) ^ T{L) ^ mnt{L) , (3.4) 
11 



Remark 3.3. Results similar to (3.2), (3.3) and (3.4) hold for the hitting time tl under 



Proof. We first prove the stochastic domination. The fact that tl-i is stochastically 
dominated by tl is trivial, since in order to create a particle at L starting from 10, one 
first has to create a zero at L — 1. In particular [tl-i] ^ ^to {"^l]- We now prove 
that Tl starting from ^ := 10 is stochastically dominated by fi starting from ^ := 1. We 
couple the two evolutions ^(t) and ^(t), starting from 10 and 1 respectively, as follows: 

• For all sites x e [1,L — 1] use the basic coupling described in Section 1.2, so 

that Cx{t) = Lit) 

• If at time t there is a legal ring at site L then 



We now observe that for both processes the legal rings at site L coincide and both 
processes restricted to [1, L — 1] are identical. Suppose t is the first time that S,L{t) = 0, 
i.e. t = Tl. Then the third case in the above list happens, in particular S,L{t) = 1. This 
implies that t ^ tl. This concludes our proof of the stochastic domination. 

We now prove the upper bound in (3.1). Let r be the waiting time after tl-i for the 
first ring on site L — 1 or L (note that this is not necessarily legal if the first ring occurs 
at L — 1), then r ~ Exp(2) and is independent of tl-i- Let A be the event that this 
ring occurs on site L, not L — 1, and it updates to a 1, so that A := {r]L{fL-i +t) = 1}. 
Then x := lyi ~ Binomial(p/2) and is independent of r and tl^i (see the graphical 
construction in Section 1.2). If x = then we couple the process started from rj{fL^i + 
t) with that started from 10. Then by (1.5) the hitting time of {77: rjL = 1} starting 
from TjirL-i + t) is dominated by the hitting time of {rj : rjL = 1} started from 10, call 
this r'. Clearly r' is independent of x- It follows that 




'a(t) = o 



£,L{t) = 1 with probability q, 
S,L{t) = 1 with probability p — q, 
= with probability q. 



TL ^ TL-l + X T + (1 - X) t' • 




SO, 



P L 



which clearly leads to the upper bound in (3.1). 

In order to prove (3.2) it is enough to show that, given t, s > 0, 




(3.5) 
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Indeed, by the Markov property we can write 



Ko{rL >t + s)=E% F^^,^ {tl > s) 

^F%{TL>t) sup f!;;{tl>s). 

To conclude we observe that the last supremum is realized by = 10, which follows 
from the basic coupling described in Section 1.2 (cf. (1.5)). Note that by the same 
arguments (3.5) holds replacing F^q and tl by and f^, thus leading to the same 
result (3.2) for the other hitting time. Therefore, from now on we concentrate only on 
Tl under P^q (the other hitting time can be treated similarly). Integrating (3.2) one 
gets the left bound in (3.4), while one derives the right bound directly by the definition 
of T(L). The fact that T{L) ^ T^niAL) is proved in (4.4). At this point it remains to 
prove (3.3) which follows from a general fact. Lemma 3.4 below, and (3.5). □ 

Lemma 3.4. Let t be a positive random variable such that t i-> P(r > t) is continuous 
and sub-multiplicative: 

F{t > t + s) i^F{T > t)F{T > s) , Vt,s^O. 

Then 

P(r < i) ^ et/E(T), Vt > 0. 
Proof. Let t be such that P(r > t) < I. The sub-multiplicative property implies that 

P(r > s) ^ (P(t > ^ (P(r > t))'/*"^ , Vs ^ . 

Integrating over s we get 

1 

In particular E(r) ^ et* where is such that P(r > t^) = e^^. Assume now t ^ t^. 



(r > t) log 



E(t) ^ t 

Then P(r > t) > e^^ and 

P(r s: t) ^ logf 1 ^ ePfr > t)logf 1 ^ et/E(r) . 

Note that in the first inequality we have used that x < log for all x G (0, 1). If 
instead t >t* then et/E(r) > 1 and there is nothing to prove. □ 

For system sizes which are much shorter than the equilibrium length scale we ob- 
serve a loss of memory property, that leads to tl being approximately exponentially 
distributed, a phenomena which is typically associated with metastable dynamics. 

Lemma 3.5. If L = d/q^ for some d> and 7 e [0, 1), then 

l^F^J^I—>t)=e"K (3.6) 

Proof Let f{t) := F% {tl/F,%[tl] > t), we show that 

\f{t + s)-f{t)f{s)\ ^cq'~\ 
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for some c > independent of q. The result then follows by standard arguments (for 
example see [23]). For brevity of notation let E := E^q[tl]. For any s, t > we have 

fit + s)= P^o (ri/E >t + s\ tl/E > s) f{s) , 
and by the Markov property, 

P^o (rL/E >t + s\ tl/E > s) = f{t)F% {7]{sE) = 10 | tl/E > s) + 

+ Ho {{^l/E > t + s} n {ri{sE) / 10} I tl/E > s) . 

It follows that 

\f{t + s)- f{t)f{s)\ ^ 2P^o {{tl/E > s} n {7^{sE) / 10}) 
^ E HoiMsE) = 0) ^dq'-^, 

xeA\{L} 

where for the last inequality we use that for t > and r?a.(0) = 1 we have P^ {i]x{t) = 0) ^ q, 
which is a simple consequence of the graphical construction (see for example [12, 
Lemma 4.2]). □ 



4. Proof of Theorem 1 

The fact that ri.ci(L) ~ T^i^{L) ~ Thit{L) for L = 0{l/q) follows trivially from (2.5) 
since p^^'^ ~ as g | 0. Thus it is enough to prove (2.5). 
We begin by recalling a general result about hitting times. 

Lemma 4.1. Let A c ^\ and a G Oa- Let ta denotes the hitting time of the set A. Then 

pA(^^ > ^ <^^-tAA)/%.m . (4.1) 

7r(cr) 

Proof Let denote the generator of the Markov chain killed when hitting A. Namely, 
£\ = Iac-CaIa^- If denotes the restriction of the reversible measure vta to A^, 
then £a becomes a nonnegative symmetric operator in Let — be its largest 

eigenvalue and observe that 



Vr (T TTICJ ^ — ^ L ^ TTl/Tl 

V,V'^A 



(4.2) 

By expanding 1^= in the orthonormal basis of L'^{n) given by eigenvectors of £ it is 
simple to check that 

(1a=, e-^^lA^M ^ e-*^^(lAs Ia^m = e-*^-^7r(A'=) . 

It is a standard fact that \a ^ ga.p{Cx)7r{A) (see e.g. [13, Lemma 5.5]). The result 
follows from (4.2). □ 

We can now prove the first bound (1 — q)^Ti^it{L) ^ Tj.ci{L). As a special case of 
Lemma 4.1 we have 
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Thus 

/•oo 

Jo 

^ (1 _ q)-iL-i) / e-*(i-<?)/T.eiW^i = (1 _ g)-^T,ei(L) . 
Jo 

The second bound Trei(L) ^ Tmix(-Z^) is a general fact for reversible Markov chains (see 
e.g. [27]). 

To prove the last bound T^ix{L) ^ 4Tii[t{L) we use a coupling argument. To this aim 
recall the basic coupling described in Section 1.2 together with the definition of the 
"legal times" starting from 1, t^^\ x g A. A standard result (see e.g. [18, Cor 5.3]) 
gives 

A{t) := max||P^(r/(t) = •) - ^(OIItv ^ maxP^ (a{s) / a'{s) Vs G [0,t]) . (4.3) 

■q ' cr,o-' ' 

Using (1.5) together with (4.3) we get 

1/4 = A(T^«(L)) ^ P^(r(^) > r^ix(L)) . (4.4) 

Hence 

where we used the following elementary observations; the time of the first legal ring at 
L does not depend on the initial value rn^ and starting from 10 the hitting time Tj^^=\ is 
not smaller than r^^^ . 

5. Proof of Theorem 2 

5.1. Upper bound on the relaxation time. The proof of the upper bound in (2.8) is 
based on the iterative procedure developed in [6] , although refinements are necessary. 
We first need the following claim. 

Lemma 5.1. Given an integer r > 2let {^i}i=i defined by the recursive scheme 

ii = 2ii_i - \Sii^i] , /or 2 ^ i ^ r , 

with 6 = 1/r. Let also ji := Tj.c\{£i). Then 

2 

li ^ ; , 2 ^ « ^ r , (5.2) 

1 - ,/e~:i 

where = (1 — q)^^^^\ 

Proof Let i ^ 2, since £2 = 5 > £1 one can easily prove by induction that £i > as 
follows, 

£i - ^ £i^i - {5£i^i + 1) = £i^i{l -5)-l>£i{l- 1/3) - 1 > . 

15 



Let A^*) = [1, Each interval A^*) can be divided into two overlapping intervals of size 



Ai = [l,^i„i], k2 = %-^i-i + l,^. (5.3) 



The overlap A = Ai n A2 then contains N-i = \5ii-i\ ^ (-i-i/r sites. Furthermore A^*) 
can be divided into tv\^o disjoint intervals Ai and A2 := A2 \ A. Since the cardinality of 
Ai and A2 are both li-i, we have 

?lci(Ai) = Ti.ci(A2) = 7i-i . 

Apply now the block chain in which Ai goes to equilibrium with rate one and A2 does 
the same if and only if there is a zero in A / 0. More precisely, the block chain has 
configuration space ^If^n) and generator 

L/ = (tta, (/) - /) + (vTA, (/)-/), / : ^^a(.) ^ K 

where the new constraint ca2 is defined as CA2(ry) = l|3a; G A : r/^. = O}. It is simple 
to check that the associated Dirichlet form is given by 

B(/)=^(VarA,(/) + CA,VarA,(/)) • 

As proven in [6] [p. 480] the block chain has gap (1 — ^ej_i) and therefore it satisfies 
the Poincare inequality 

Var(/) ^ (y3^=) vr(VarA,(/) +Ca, VarA,(/)) . 

It was proved in [6, Sect 4] that (recall (1.3)) 

7r(cA,VarA,(/)) <7^-i ^ vr (c^^ Var,(/)) , 

7r(VarAi(/)) ^ 7i-i ^ (^-^ Var,(/)) . 

Therefore 

Var(/) ^ 7,_i ( _ ^ \ vr I ^ Var,(/) + J] Var,(/) | 

where the factor 2 comes from the double counting of the points in A. In conclusion 

This proves (5.2). □ 

We now collect some important properties of the family -^r'- 
Lemma 5.2. We have 2*(1 - 1/r)* ^ £i ^ 2'+"' for all i ^ r. 
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Proof. The upper bound follows immediately by induction. For the lower bound, it is 
simple to derive from (5.1) that £i = 2^ + 1 ii i ^ k := 1 + [log2(?^ — 1)J- Indeed, let 
k = max{i : ^ r}. Then, Vi : 2 ^ i ^ (5.1) becomes £i = 2£j_i — 1 and the 
solution of this iterative system is £j = 2* + 1. In particular, it follows that k = k. If 
i ^ k then £i-i/r ^ 1, together with (5.1) this implies £i ^ 2(1 — l/r)£j_i. The rest of 
the proof is straightforward. □ 

Lemma 5.3. Given r ^ 1 such that T' ^ djq it holds that 7^ ^ q-'^W — ilp- for some 

constant c{d) depending only on d. 

Proof We combine Lemma 5.1 and Lemma 5.2. Using the bounds (1 — x) ^ e^^ and 

(1 — e~^) ^ e~^x for all x > we get 

1 - 1 - (1 - g)r4-i/rl - 1 _ e-^r^.-iM ^ q\£i-i/r] , ^ -^J 

for i ^ r. Due to Lemma 5.2 we have £i ^ 2*+^. Hence, using the monotonicity of £j and 
that 2^ ^ d/q, we get £i ^ 2d/q. This allows us to conclude that q\£i-i/r] ^ g(^j_i/r + 
1) ^ 2d/r + q. This bound together with (5.4) implies that ^ Coming 

back to (5.2) we conclude that 

Due to Lemma 5.2 and since 1 — x ^ e~^^ for x small, we have 

'■-1 2 

Yl£i^ 2(2)(1 - l/r)© ^ 2(2)(1 - l/r)V ^ 2(2) e"'' (5.6) 

i=l 

for r sufficiently large. Since = 2^^°^'^^ ^ since by Stirling formula 

^ Cr! e^, combing (5.5) and (5.6) we get the result. □ 

We now have the required results to conclude the proof of the upper bound in (2.8). 

Fix L ^ d/q and set n = [logsL]. Let cq := inf{(l - 1/k)'' : A; ^ 1}. Note that 
Co € (0, 1). We now choose r = tq := n + [log2(l/co)], so that 2'^°co ^ L. Thus, by 
Lemma 5.2, £rg ^ L. Since 2^^ ^ 4(i/co, by monotonicity and Lemma 5.3 we conclude 

T,e,(L) ^ 7.0 ^ ^ . 

qro2{2) q'^2^2) 

5.2. Lower bound on the relaxation time. One gets an upper bound on gap(£A), 
and therefore a lower bound on the relaxation time, by taking any test function / in 
the variational characterization of the spectral gap (2.1). As special case we can take 
characteristic functions, i.e. f = 1a with A c JIa, getting 

Due to reversibility, the Dirichlet form Da (1a) can be written as 

Pa(1a) = Yl ^vW'n,^") (5.8) 

r,&dA 
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where the internal frontier dA is defined as 

dA = {r] £ A : 3x £ A with c^(??) = 1 and r?^ ^} , 

(recall from (1.1) that t]^ is the configuration i] after flipping the spin on site x) and 
TZ{r], A"^) is the total rate that the East dynamics starting from i] escapes A, 

n{ri,A')= {qVx + p{l - Vx)} . 

xe[l,L]: 

As explained in Appendix 1.1, good choices of A in (5.7) have the properties that 
10 £ A and {-qi = 1} c A'^. Then the frontier dA becomes an obliged gate to go from 
10 to the set {-qi = 1} under the East dynamics. We show that for some special choices 
of A, OA has small probability and therefore gives rise to a bottleneck. 

A special obliged gate has been pointed out in [9] . In order to recall it we define 
Vn as the configurations in {0, 1}^ with exactly n zeros that can be obtained from 1 
by legal flips in the East dynamics and by using at most n simultaneous vacancies. As 
proven in [9], if i] G Vn then all vacancies of i] are included in [1,2" — 1]. In particular, 
if L ^ 2" we can identify Vn with a subset [/„ of U\ containing 10 in a natural way, for 
each S, £ Vn there exists a unique r/ G f/„ such that rji = and = The 

following lemma follows immediately from bounds given in [9] : 

Lemma 5.4 (CDG). Consider the East dynamics on [1, L] with L > 2". Then, in order to 
go from 10 to {til = 1} the system has to cross the set Un C Furthermore 

g"+V^"~^2(2)n!(c')" ^ vr(C/„) ^ V"""i2(2)n!c" (5.9) 
for suitable constants c,c' G (0, 1). 

Due to this result, if L > 2", then Un C is an obliged gate (bottle neck) to go 
from 10 to {r/ : i]l = 1}. Now (5.7) gives rise to the following lower bound on the 
relaxation time: 

Lemma 5.5. Let L > 2" and A £ il\ be the set of configurations that can be reached 
from 10 using at most n + 1 simultaneous zeros (in the East dynamics). Then 10 G A, 
{v ■ = 1} c A'^ and OA = Un- Moreover, for a suitable constant C > 1 it holds 

TreliL) > . (5.10) 

Proof The fact that 10 G A and {r/ : til = 1} c A'^ follows from Lemma 5.4. We show 
that OA = Vn- Indeed, if rj £ A has strictly less than n + 1 zeros, adding or removing a 
zero to by a legal flip will bring us to a new configuration inside A by the definition 
of ^. If r] £ A has n + 1 zeros, i.e. -q G t/„, adding a zero to by a legal flip will 
take the configuration outside A, thus implying -q G OA (note that such a transition is 
possible since n < 2" < L and therefore rj cannot be given by the empty configuration) . 
Moreover if we remove a zero from by a legal flip we remain inside A. Hence 

Va{1a)= Y1 ^(^) Yl q^TT{Un){n + 2)q. 

riGVnCnA x&[l,L]: 
18 



Since 10 G A, tt{A) ^ 7r(10) = ^q. On the other hand, we know that {rj : rji = 
1} C ^4^^ and therefore vr(j4'^) ^ p. At this point it is enough to apply (5.7) in order to 
get (5.10). □ 

When L = 1/q the above bound (together with the monotonicity of the relaxation 
time) gives the lower bound on the infinite volume relaxation time previously obtained 
in [7]. When L ~ d/q'^ with 7 G (0,1] and n = [log2il, the term n! ~ n"e""V27r 
in the above bound is very big and indeed is unnecessary. To remove it we need a 
more efficient obliged gate dA^ that we now introduce in terms of the deterministic 
dynamics which are motivated by Appendix 1.1. 

5.2.1. Definition of A^ by a deterministic dynamics on J7a. The construction of the set 
has been inspired by capacity theory explained in Appendix 1.1. One wants to 
choose the set A^ such that 1^, is 'close' to the minimiser in the Dirichlet principle 
(A. 4), which is given by f{rj) = P^(rio < tb), where B = {ijl = 1} and tiq is the 
hitting time of 10 G U\. The dynamics at small q, on length scales which are much 
smaller than the equilibrium separation of vacancies, typically act by removing vacan- 
cies. Also (following [14] and [29]) we expect vacancies with the smallest distance to 
their neighbouring vacancy on the left (smallest domains) to be removed first. Follow- 
ing this idea, we essential say t] e A^if starting from rj and removing vacancies in order 
of their domain size we hit 10 before removing a vacancy at L. We now proceed by 
giving a formal definition of ^* in terms of an algorithm, which we call the determin- 
istic dynamics because it will approximate the order in which vacancies are typically 
removed by the East process for small q. 

For each configuration G $7a we define the gap at a; G A, denoted gx{f])> ^s the 
distance from x to the nearest vacancy on the left (including the origin where the 
frozen zero is located) : 

gx{ri) := mm{d > : r?^._d = 0} . (5.11) 

Given t] g Oa, 1 ^ d ^ L and x G [1, L], we define (pd^xiv) ^ the configuration 

obtained from rj by removing a vacancy at x if one is present with gap exactly d, and 
doing nothing otherwise: 

I 1 V = X, tlx = , qxiv) = d , „^ 

^dMy =1 I (5-12) 

I r]y otherwise . 

The deterministic dynamics will be defined recursively by removing vacancies firstly 
with gap size one, starting from the right of the system and proceeding towards the 
origin, then removing those with gaps size two from right to left and continuing in this 
way. It is therefore convenient to endow the set [1,L\^ with the following total order: 

{di,xi) -< {d2,X2) ^=^> di < d2 or di = d2 and xi > X2 . 

Hence, we can order the elements of [1, L]^ as ai ^ a2 -< • • • -< 0x2. Notice a. gives 
rise to a bijection between and [1,L]'^ given explicitly by = {\k/L], {L — k 

mod L) + 1) (where we identify Z/LZ with {0, 1, . . . , L — 1} in the usual way). 

We are now ready to define our deterministic dynamics in discrete time 0, 1, 2, . . . , L^. 
Given the starting configuration rj G Oa, the new configuration ri[k] at time k = 
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0, 1, 2, . . . , is recursively defined by the rule 
[^[0] =r], 

\v[k] = (l>a, {v[k - 1]) for A: = 1, 2, . . . , L2 . 

To more easily identify the stage of the deterministic dynamics we will use the following 
notation: 

^d,x{'n) ■= if ak = {d,x) . 

Remark 5.6. It is simple to check that the following procedure gives an equivalent defini- 
tion of the deterministic dynamics. ^d,x{i]) simply the configuration obtained from -q as 
follows: 

(1 ) Erase all the vacancies of gap Ifrom r] (from the right to the left or simultaneously 
is equivalent). Call rj^^^ the resulting configuration. 

(2) In general, for 1 < i ^ d — I erase from -q^^^^^ all the vacancies with gap i and 
call the resulting configuration r?^*) . 

(3) Erase from r]^'^~^'> all the vacancies of gap d located at y ^ x. The resulting 
configuration is ^d^xiv)- 

Having described the deterministic dynamics on $7a we can define our set : 

Definition 5.7. The set A^, c i^A is given by the configurations ?] G JIa such that 

$L_i,i(r/) = 10. (5.13) 

Equivalently, ^4* is the set of all configurations i] such that the deterministic dynamics hits 
10 before {r]L = 1}. 

Remark 5.8. It is simple to check that 10 belongs to A^ and that {rjL = 1} C A";. 
Therefore dA^ is an obliged gate (in the sense explained before) for any path of the Markov 
chain started from ?? G A* and ending in {qi = 1}. An example ofije dA^ is shown in 
Fig. 1. 

Our key result is the following: 
Proposition 5.9. Let 2 ^ L < d/q and set n := [log2 L]. Then 

^?a(1aJ ^ ^-^g-" (5.14) 
for some positive constant a depending only on d. 

The following consequence will be useful to prove Theorem 5. 
Corollary 5.10. Under the same assumptions of Proposition 5.9 



TiidA^) ^ 



n! 

Proof of the Corollary. It follows immediately from Proposition 5.9 together with (5.8) 
if we observe that the escape rate TZ{r], A'^) > q for all 77. □ 

Proof of Theorem 2: the lower bound. As already observed 10 G A^ and = 1} C A^, 
so 7r(A*) ^ p^~^q and it{A'^) ^ p. At this point to get the lower bound on the relaxation 
time it is enough to apply (5.7) together with Proposition 5.9. □ 
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Figure 1. Example of the deterministic dynamics on a system of size 
L = 16. Zeros are indicated by solid circles and ones by |, the frozen 
zero at the origin is contained in a box. Only the steps of the dynamics 
that change the configuration are shown. Left: An example of the deter- 
ministic dynamics applied to a configuration 77 G dA^. ^L^i^i{ri) = 10 
so 77 G (see Definition 5.7). Right: The dynamics applied to rj^ with 
z = 8, the zero at L is removed before all other zeros are removed so 
that r/^ ^ A. 



5.2.2. Proof of Proposition 5.9. We first collect some properties which follow immedi- 
ately from the definition of the deterministic dynamics: 

(PI) The deterministic dynamics can only remove vacancies, hence gaps are increas- 
ing under the dynamics. Also, if -q has a vacancy at x with gap d, then such a 
vacancy is still present in the configurations ^d'yiv) with {d', x') < (d, x). 

(P2) ^d,x{'n) contains no vacancies with gaps smaller than d and all vacancies right 
of X (including x) have gaps no smaller than d+ I. 

(P3) Whether the deterministic dynamics removes a vacancy or not at a site x only 
depends on the configuration to the left of x, so for all d,x,y G [1, L] the value 
'^d,yii])x is independent of r/(^.^i]. 

(P4) Once the deterministic dynamics started from two different initial configura- 
tions are the same, then they remain the same. Equivalently, for two con- 
figurations r] and rj' if there exists {d,x) such that ^d,x{v) = ^d,x{v') then 
^dxiv) = ^dxiv') for ^11 {<i,x) y- {d,x). In this case we say that the two 
dynamics, starting from r/ and r/' respectively, couple. 

In what follows, we set 770 := to denote the frozen zero at the origin. To simplify the 
notation we continue to write A for [1, L] and introduce A*^ = [0, L] (note A'^ includes 
the origin on which there will always be a fixed vacancy) . 
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Figure 2. Lemma 5.11 applied to a configuration on a system of size 
L = 32. Zeros are shown by circles and ones by | . The frozen zero at the 
origin is contained in a box. A configuration i] G dA^ is shown where 
1]^ ^ for z = 18. Lemma 5.11 is illustrated with / = [z — 1, z + 3], 
zeros of i] contained in / are light grey, r] does not contain any zeros on 
/_ and there is a single vacancy in /+ coloured dark grey. 



Lemma 5.11. Let rj G dA^ and let z e A be such that c^{ri) = 1 and t]^ A*. Take an 
interval I = [a, b] C A*^ containing z and z — 1. Define £ := b — a = (|/| — 1) and 

/_ := (a-^,a)nA°, 

/+ := + n A°. (5.15) 
Then I = or rj has at least one vacancy in (/_ U /+) C A°. 

Remark 5.12. /f ?? G 9^4* c A^ then rji = since vacancies can only be removed by the 
deterministic dynamics, if / / A° then (/_ U /+) C A° may contain the origin or the site 
L on virhich i] is necessarily zero for all i] G dA^. This case is not excluded from the lemma. 
Fig. 2 shows an illustrated application of the lemma. 

Proof Fix r] G dA^ and let z G A be such that c^(??) = 1 and -q^ ^ A^. We first note 
that z — 1 € I and rjz^i = because (??) = 1. Also z < L, otherwise = 1 

which contradicts rj e A^. Suppose for contradiction that / / A*^ and rjy = 1 for all 
y G /- U /+. Since / / A° we have £ < L. We will prove that 

'^i,a+liv)y = '^e,a+livly Vy G Al, (5.16) 

which leads to a contradiction by property (P4) and the definition of A^ . Observe that 
/ / A° implies (/_ U /+) / since 1 ^ £ < L and z < L. 

Claim: (5.16) holds for all y G A with y < z. This follows immediately from 
property (P3) and the fact that ri and r]^ coincide on [l,z). 

Claim: (5.16) holds for all y G A with y ^ 6 + 1. Our supposition, r]y = 1 for all 
y ^ I^U /+, implies b + £ < L since t] necessarily has a vacancy at L for each rj ^ A. 
Since z ^ b, -q and r/^ coincide on [5 + 1, L]. Since rji = there is at least one vacancy 
on [b+l,L], call u the position of the leftmost vacancy of 77 on [6 + 1, L]. By hypothesis 
r/y = 1 for all 2/ G [b + l,b + £] so the vacancy at u has gap guiv) > ^ and gu{v^) > By 
property (PI) the vacancy at u is still present in ^e^a+iiv)' ^i,a+i{'n^)- Since 7] and rj^ 
coincide on the right of u, it is trivial to check that the deterministic dynamics starting 
from 77 and rj^ coincides on [u, L] until the vacancy at u is removed. This proves (5.16) 
for y ^ u. Since rj and r/^ have no vacancy in [b + 1, u), from property (PI) we derive 
(5.16) for y G [b+ l,u). This concludes the proof of our claim. 
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claim: (5.16) holds for all y G A with z ^ y ^ b. We define the gap of the frozen 
vacancy at the origin as infinite, since it remains under the dynamics for all times, 
go{r]) = goiif) := oo. Let u be the leftmost zero of i] and -q^ that is contained in /, u is 
well defined since j^^-i = Vz-i = ^^'^ V ^^'^ ''f coincide outside of 2. By assumption 
9u{r]) = guiv"") > ^- Due to (PI) and (P2) we conclude that <^e,u+i{v) and ^>£,„+i(?r') 
still have a vacancy at u. This fact implies that both $^ „+i(r7) and ^i^u+iiv^) have no 
vacancy in [n + 1, 6], otherwise they would have some vacancy of gap at most b — u ^ £ 
in contradiction with (P2) . □ 

The above lemma 5.11 allows us to isolate a special subset of vacancies for a generic 
configuration rj G . This special subset will be defined iteratively. To this aim we 
first associate to G an increasing family of subsets Ai c A2 C • • • C Ak in A°, 
where contains at least i vacancies, by the algorithm described below. 

For clarity we first describe the algorithm in words. Take rj G dA^, and define zq by 
choosing a site 2; G A such that c^(r/) = 1 and rj^ ^ A^. We know that r?2,)_i = since 
c^(ry) = 1, set Ai = [zq — 1, ^^o]- Let a := ZQ — l,b := zq, suppose L > 1 so that Ai / A°, 
we know by Lemma 5.11 that there is a vacancy of 77 in /_ U /+ C A° (where /_ and 
/+ are defined as in Lemma 5.11), and since £ = 1 we have /_ = and /+ = {zq + 1}. 
Let xi = zo + 1 and make A2 the extension of Ai to include xi, A2 := [a,xi]. We 
now proceed by iteration, defining I = then A^+i is the extension of A;^. having 
Xk as extreme, where Xk is a vacancy of 77 in /_ U /+, by applying Lemma 5.11, until 
Ax = A*^ (if there is more than one vacancy, fix a rule to specify x^ uniquely). At a 
certain moment we will cover A*^, that is we arrive at a set Ak such that Ak = A*^, and 
the algorithm will stop. In this way we show that r/ contains at least a certain number 
of vacancies which must also satisfy certain geometric constraints. 

We now make the algorithm described above precise. It is convenient to use the 
following notation: given the interval / = [a, 6] C N and a site x G N \ /, we define 
I -kx as the set [a, x] if x > b and as the set [x, 6] if x < a. We assume that L > 1. The 
input of the algorithm is given by the pair (ry, zq) where -q G dA^, and zq & A. is such 
that (ry) = 1 and t]^" A* . 

Algorithm to determine K, Ai, A2, . . . , A^- given {rj, zq). 

• STEP 0: Set zi = zq — 1 and Ai := [21, zq]. 

• ITERATIVE STEP. Suppose we have defined Ai, A2, . . . , A^, let / = A^. Define 
£, /_ and /+ as in Lemma 5.11. 

- Case 1: If Afe = AO set i<: = A; and STOP. 

- Case 2: If A;,. / A^ then let z^+i be the position of the vacancy of 77 in 
/_ U /+ which is nearest to the border of A^ (take the leftmost one if two 
are of equal distance). Such a vacancy at z^+i exists due to Lemma 5.11. 

Set Afc+i := Ak-kZk+i- 

Since A^+i is obtained from A^ by enlarging it, the above algorithm always stops. 
Note that each interval A^+i is obtained by extending A^ either on the left or on 
the right. Hence A^+i has one extreme in common with A^ and one extreme not 
belonging to A^. The following observation is fundamental and comes immediately 
from the definition of the algorithm (we omit its proof) : 
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Lemma 5.13. The vacancies of t] e dA^ in A'^ \ {zq} are located at {zi, Z2, . . . , zk}, 
moreover 

\An{zi,Z2,...,ZK}\ =K-l. 

In particular the number of vacancies ofrj^ dA^ is K —1 or K, ifr]zo = 1 or respectively. 

We recall that the set {zi,Z2, ■ ■ ■ .zk} depends on 77 G dA^, although it certainly 
contains the origin, on which there is a frozen vacancy, and L since rjL = for each 

r] G dA^ C A*. 

We now isolate some geometric properties oi zq,zi,Z2, . . . zk- First note that given 
zq, -21, • • • , we can recover Ai, A2, . . . , A/^. Given zq the first two positions of vacan- 
cies zi, Z2 are determined by Lemma 5.11 {zi = zq — 1 and Z2 = zq + V}. To describe the 
points zo, zi, Z2, Z3, . . . , we can use the following formalism. For each k -.2 ^ K 
we set Ek = —1 ii Zk is on the left of Afc_i and = +1 otherwise; while we define 
dk as the Euclidean distance of Zk from Afe_i. Hence, writing Aa,._i = [a, 6], we have 
Zk = a — dk if £k = and Zk = b + dk if Ek = +1. Writing ik for the length of A^ 
(4 = |Afc| - 1), note that 

'4 = 1, 

< dk < 4-1 V/c : 2 < A: ^ i<: , (5.17) 

Jk = h--i + dk yk:2i^ki^K. 

This implies that ik = di + d2 + d3-\ \-dk (where di := 1) and ik = £k-i + dk ^ 2£k-i 

for 2 ^ /c ^ -R'. In particular, 

4 ^ 2'=-^ yk : 1 ^ k ^ K . (5.18) 

When the algorithm stops Ak = A° and Ik = L, so L ^ 2^~^ which implies K n + 1 
where n = \\0g2 L\ ■ 

By changing the order of the sum in (5.8) and decomposing into configurations that 
escape from the boundary at rate q and p we have, 

Pa(1^J = [p7:{dAf''^)+q7:{dAf'^)] , (5.19) 

zoeA 

where 

dAf^^ := {ri G OA, : (??) = 1, Vzo = and r?^« ^ A,} , 
dAy := {7? G dA, : c^^{rf) = 1, r/,„ = 1 and yf" i A,} . 

Collecting all the above geometric considerations we have the following result: 
Lemma 5.14. The boundary dA^ satisfies dA^ = Uzosa Uie{o 1} dAl"'^ and 

dAl°'' C {?7 G : rj^^=iandri, = Oyz £Wn A for some W £T^^} (5.20) 

where the set T^^ is given by the families {zi, . . . , Zn+i} of distinct points in A° such that 

• the position of zi = zq — 1 is uniquely determined by zq G A, 

• \{zi, . . . ,Zn+i} n A| ^ n, 
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there exist positive integers di,. . . , dn+i such that 



di = l, 

4 ^ + (i2 H h 4-1 VA;:2^A;^n + l. 



(5.21) 



• there exist 82, - ■ ■ , Sn+i G {—1, +1} such that, setting Ai := [2:1, zoL the following 
recursive identities are satisfied for k = 2, . . . ,n + 1 



\zk = a-dk ifek = -l, 
\^Zk = b + dk ifek = l, 

where Afc„i = [a, b] and A^. := A^-i ★ z^. 

As immediate consequence of the above lemma we get 

gV(Mf'^)<g^ 7r(7?^o = i and??^ = Vz G H^n A) ^ g"+^|r. 

To estimate ir^,,] we use the following result: 



(5.22) 



(5.23) 



Lemma 5.15. The numbers of strings {d2,d3, . . . ,dn+i) of positive integers satisfying 

(2) 

(5.21) is bounded from above by ^— j-, hence 



|r.ol ^ 



2"2(2) 



nl 



(5.24) 



Proof We give an iterative bound. Given an integer we define 

U{j) := {{xi,X2, . . . ,Xj) : ^ xi < 1 and ^ Xfc ^ xi H + x^-i V/c : 2 < /c ^ j} . 

Setting Mj := xi + X2 + X3 + ■ ■ ■ + xj, integrating on the last variable we get 



dxidx2 ■ ■ ■ dxj 



U{j) 

Let us prove by induction that 



/ dxidx2 ■ ■ ■ dxj-^iMj^i. (5.25) 
Juu~i) 



2'm+l 

dxidx2 • • • dxj-mM^ ^ 

U(j-m) + 1 



U(j-m-l) 



dxidx2 ■ ■ ■ dx.j-m-iMp-^_^ , 



for all m ^ 1 and j — m — 1 ^ 1. By integrating on the last variable we get 

/ dxidx2 ■ ■ ■ dXj-mMj^^ = / dxidx2 ■ ■ ■ dxj-m (Mj„m-1 + X 



(5.26) 



U(j-m-l) 



lUij-m) 
dxidx2 ■ ■ ■ dXj^m-l 



j—mj 



m + 1 



,m+l 



— m — — m — 1 



m + 1 



U(j-m-l) 



dxidx2--- dxj-m-iMfJ^_^ . 
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Combining (5.25) and (5.26) we conclude that 



f 2^ • 2^ • • • 2^"^ f ,_i 

/ dxidx2 ■ ■ ■ dxj ^ — — — / dxiM( 

Juu) 2 • 3 • • • (j - 1) Ju(i) 



ij - 1)! ■ 

The resuk then follows from this bound by observing that the cardinality we want to 
estimate is bounded from above by Jij(^n+i) (^^1^x2 ■ ■ ■ dxn+i, and observing that there 
at most 2" ways to choose £2, • • • , £«+!■ C 

Combining (5.19), (5.20), (5.24), and observing that there are L choices for zq we 
find 

nn+l T 0(2) 

Pa {IaJ ^ q^+' : . (5.27) 

thus implying Proposition 5.9 (recall that L ^ d/q). Since 10 e A and {ijl = 1} G 
we have vr(^) ^ p^^^q and 7r(A^) ^ p, so (5.7) gives rise to the lower bound 

TreliL) ^ 7777 on+l T ^^^^^ ^ = ^1082 ^ ■ 



6. Time scale separation and dynamic heterogeneity: proofs 

6.1. Proof of Theorem 3. Point (i) of Theorem 3 is an immediate consequence of 
the bound (2.6). The time scale separation expressed by (2.9) is a corollary of (2.8), 
as follows. Let L = d/q^ with 7 G (0, 1), d > 0, and L' = XL with A > 1. Then 
L,L' G [1,1/^] for gr sufficiently small, so Theorem 2 implies there exists some universal 
constant a > such that, 

{rL\ 

Mfl ^ ^'/^"-"'^^^ n = [log, LI n'= [log, L'] . (6.1) 

Let k := (n'—n) ^ [logg AJ which is independent of q,d and 7. Since n ^ log2(d/g''') 
and n ^ log2((i/g'''') + 1 there exist two constants depending on d and 7, cq, ci > 0, such 
that 

.(i)%2"<e,(i 
Combining the above bound with (6.1) some straightforward algebra leads to, 

for some C independent of q. The result follows by choosing A large enough. 

It remains to show that, for 7 < 1/2 and L = d/q^ , Trci{2L) y Trci(L). For this 
purpose define L' := 2L and set t = g'^Trci(-L) with 0</3<l — 7. A union bound 
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shows that, for any integer N, 

pA' 



^ (r/^.(s) = 1 Vx / 2L, ys = it, i = l,... N) 



N 



^A'\{2L}(1) 



^ 1 - = 1 - 2dA^9'-^(l + 0(1)), (6.2) 

where A' = {1, 2, . . . , L'}. Consider now the East model in A' starting from 10 G JIa' 
and let tl be the first time that there is a legal ring at x = L with the corresponding 
coin toss equal to one. Clearly tl has the same law as the hitting time r^j,=i under the 
measure P^q. Define the auxiliary Markov time f by 

f = inf{s > Tl : r/(s) = 10 or r]2L{s) = 1}. 

Writing 



(f - > t) ^ {tl > rrel(L)) + F^'^ {f - Tl > t ; Tl ^ rrel(L)) , 



10\ 



we can bound the first probability on the right hand side by 0{q'^) using Proposition 
3.2. We may bound the second probability by using (6.2) with N = \q~'^Tj.ci{L)/t] and 
e = (i_^_/3)/2, so that 

H'oif -TL>t)= 0((/(^-T-^)/2). (6.3) 

Claim 6.1. For any 7 < 1/2, 

F^Mr) = 10) = 1 - 0{q') 

for some 5 > 0. 

Proof of the Claim. We write 

Pio(^2L(r) = 1) ^ lPio(%L(f ) = 1; f-TL ^t)+ r^'oimUf) = 1; t-tl > t) (6.4) 

The last term in the nh.s. of (6.4) is 0{q^^~'^~^^^'^) because of (6.3). Let us examine the 
first term. The strong Markov property gives 

Pl0(m(r) = l;f-TL^t)^ IPlo(Tr,2i=l -TL^t) 

^ max Pj'(r^2L=i ^*)- 

where 17l-i,2L = {?? G ^^A' : Vl~i = V2L = 0, r/^; = 1 Vx G [L, 2L - 1]}. 

Choose r] G n^^i 2l and declare the vacancy at x = L — 1 to be the distinguished 
zero at time zero (see e.g. [1] or [7]). At any later time s > the position ^(s) of the 
distinguished zero is determined according to the following iterative rule: 

(i) If ^(s) > then ^(s') = ^(s) for all times s' > s which are strictly smaller than the 
time si of the first legal ring at S,{s); 

(ii) at time si the distinguished zero ^{s) jumps to ^(s) — 1; 

(iii) if ^(s) = then ^(s') = for all s' > s. 

Thus, with probability one, the path {i^(s)}s < t is right-continuous, piecewise constant, 
non increasing, with possibly n G {0, 1, . . . , L — 1} discontinuities at times si < S2 < 
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• • • < s„ at which it decreases by one. In the sequel we will adopt the standard notation 

Cs- := lims^o ^s~5, and set sq := 0. 

Remark 6.2. Because of the orientation of the East constraint, fixing the path {£.{s)}s ^ t 
has no influence whatsoever on the Poisson rings and coin tosses to the right of the path 
itself Thus the evolution to the right of the path {(,s}s ^ t is still an East evolution in a 
domain whose left boundary jumps by one site to the left at the jumps of the path. 

The key property of the distinguished zero is the following [1, Lemma 4]. Suppose 
that the configuration rj to the right of L — 1 and to the left of 2L was chosen according 
to the reversible measure vr (instead of being identically equal to 1) . Then, at any given 
time s > and conditionally on the path {'^(s)}^' <; s, the law of the restriction of ry(s) 
to the interval {^(s) + 1, . . . , 2L — 1} is again vr. 

Using the same argument leading to (6.2) together with the above property, if 

= {?? G !^A/ : 7?^ = 1 Vx G [e(s) + 1,2L- 1]}, 

then 

(3 ^ ^ n : r^isi) i Qs, \ {6}. ^t) = Oinq'~^) = 0{q^-^^). 
As a consequence 

n 
1=0 

+ Pj' (r^,,=i G {sn, t] I r^isn) G ; {6}. ^t) + 0{q'-^^). 

Let us examine a generic term P^' (r^2^=i G {si, Sj+i) | r]{si) G fig, ; =s t)- Since (i) 
the distinguished zero does not move in the time interval [si,Si+i), (ii) the interval 
{^{si) + 1, . . . , 2L} has length at least L and (iii) r]{si) G rj^., the above probability is 
smaller than Pio(T^i=i ^ Sj+i — Si). Due to Proposition 3.2 together with Theorem 1 
we have 

^wiTvL=i ^ ^i+i - Si) ^ e(si+i - Si)/Thit{L) ^ c(si+i - Si)/T,ci{L). 

Thus 

n 

Yl K ('^V2L=i e Si+i) I r]{si) G Qs, ; {6}. ^ t) 

j=0 

+P^' (t^2^=i G (s„, t] I v{sn) G J^,, ; ^ t) 
^ ct/r,ei(L) = 0(/) 

In conclusion 

max P,,(r^,^=i ^ t) = 0(/) + ©((/^"^T) 

r]&QL-i,L 

and the claim follows with 6 = min 1 — 27, (1 — 7 — /?) /2). □ 

Back to the proof of rrci(2L) >- T^-diL) we observe that, on the event {ijr = 10}, 
the hitting time t^2z,=i larger than tl + r', where r' is distributed as t^2l=i and it is 
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independent of f. Hence, using Claim 6.1 and Proposition 3.2, 

Thit(2L) = Eio(-r;,2L=i) > lEio('^r?2L=il»?{f)=io) 

> Eio(rLl^(f)=io) +lEio(T'l^(f)=io) 

> r(L)P^;(ri > T{L) ; ??(f ) = 10) + (1 - 0(/))Thit(2L) 

> r(L) [l/4 - P^;(r?(f) = 1)] + (1 - 0(/))rhit(2L) 

> r(L) fl/4 - 0(/))l + (1 - 0((?^))rhit(2L) 



which imphes 



rhit(2L) > cg-^r(L). 



Here T{L) is such that F^q{tl > T{L)) = 1/4. Using that T{L) ~ rhit(L) ~ T^ci{L) we 
conclude the proof. 



6.2. Proof of Theorem 4. We prove (2.11) then (2.12) is a trivial consequence. It is 
enough to compare the scale d/q with 1/q (recall that we write d/q instead of [d/gj). 
In particular, if for any 5 > we can show that 

Trei(l/g) < TUd/q) ^ CTW^/q) , Vd G [1, 1/5] , (6.5) 
Z,i{d/q) ^ r,ei(l/g) ^ C T,,i{d/q) , yd G [5, 1] . (6.6) 

for suitable constants C, C depending only 5, then we immediate get (2.11). Notice 
that the first bound in (6.5) and the second bound in (6.6) trivially follow from the 
monotonicity of the relaxation time w.nt. the interval length (see Lemma 3.1). 

Let us prove that T^e\{d/q) ^ CT^cxO-ll) for all d G [1, l/S\. To this aim we use the 
block dynamics as in the proof of the upper bound in Theorem 2. Given an integer 
length ^ G [1/gr, l/5q\ consider the block dynamics on [1, l] in which the left half Ai := 
[1, [^/2j] goes to equilibrium with rate 1, while the second half A2 := [[^/2j + 1, 1] does 
the same but only if there is a zero in A := [[£/4j , [^/2j]. As proven in [6] [p. 480] this 
dynamics has spectral gap 

A := 1 - ^{l-q)\^\ ~ 1 - e-«^/S ~ q^/S ^ 1/8 . 

On the other hand, as proven in [6] (see also the proof of the upper bound in Theorem 
2), we have 

T,ei(£) ^ ^max{rrei(Ai);r,ei(AuA2)} ^ 16r,ei(r(3/4Kl) . 

To conclude, one has to apply iteratively the above bound Trei(^) ^ 16Ti.ci([(3/4)£]) 
starting from li := d/q and going from li to := [(3/4)£j]. Clearly the number m 
of steps necessary to get to Im < l/q is O (ln(i/ln(4/3)) and it can be bounded from 
above by some constant c{6). Hence, by the monotonicity of the relaxation time in the 
length, we obtain 

T,,iid/q) ^ 16'"-lrrel(£,„) ^ 16'"-lr,el(l/g) , 

thus proving our claim (6.5). The proof of (6.6) is analogous. 
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6.3. Proof of Theorem 5. 

Proof of (i). Without loss of generaHty we take d = 1. Let t := T^^ii^/l"') and let us fix 
the starting configuration i]. Let also e G (0, 1) be a small constant to be fixed later on. 
The same proof of [12, Lemma 4.2] shows that 

supPj(3z: ?7^(t) = and 3s ^ t : r],{s) = l) = 0{qL) = o{l). (6.7) 

Thus 

supPj(3z,z' : \z-z'\ ^ e/q^, r,,{t) = r],,{t) = o) 
= supPj(3z,z' : \z- z'\ ^ e/g^, r/^(s) = T]^f{s) = Vs ^ t) 
Moreover 

supF^(3z,z' : \z-z'\ ^e/q^, = = Vs ^ 

s: V supPj(ry^/(s) = Vs ^ i|7?;,(s) = Vs ^ t) 

^ E Kr'in<r,=i}>t) (6.8) 
where A^^/ = [z + 1, z']. Due to Proposition 3.2 

for some constant c independent oi z,z'. If we now combine together Theorem 1, 
Lemma 3.1 and (2.9) we get 

min t/rhit(z - z') > cr,ei(l/g^)/Trei(e/g^) > l/q^ 

z'-z ^ e/gT 

for some 6 > and for all e small enough. Thus the r.h.s. of (6.8) is o(l). 

□ 

Proof of (ii). Let t := Z-die/q^) and fix ?? such that: (i) rjL = and (ii) L - z > Xjq^ 
where z := maxjy G — 1] : % = O} if the above set is non-empty and z := 
otherwise. 

If z = then i] = 10 and 

<(^L(t) = 0)>P^o(r^,=i>t) 
> l-et/Thit(L) = 1-0(1) 

for e small enough. Above we used Proposition 3.2 and Theorem 3 to bound from 
above t/Thit{L). 

Assume now z / and let A' := [z + 1, L]. Let c fl\> be the cut-set defined as in 
Definition 5.7 with A replaced by A'. With a small abuse of notation, from now on we 
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denote by A^: the subset of given by {cr G $7a : a^i G A*}. To ^4* we can associated 
two inner boundaries, 9^ A* and A*, as follows: 

d^A^ = {a e A^ -.Bx e A' with 4{a) = 1 and A, } (6.9) 
d^'A^ = |(j G : 3 x G A' with (ct) = 1 and A*} (6.10) 

Clearly d^A^, c 9"^' A* because c;^ ^ c^'. Moreover (see Remark 5.8) rj £ A^, since 
r/a; = 1 for X G + 1,L — 1]. Thus, if r/i(t) = 1 then necessarily ?](s) G d^A^ at some 
intermediate time s ^ t. In conclusion 

F^{r,L{t) = 0) > 1 - (3s < t : r?(s) G d^A,) 

Let us first compute ¥^(^r]{s) G O^A*) for any given s < t. We do this by conditioning 
on {riz{s')}s' <; s, the evolution of the occupation variable at the site z. Because of the 
oriented character of the East constraint, under the above conditioning the chain in A' 
becomes a time non-homogeneous continuous time Markov chain in which the Poisson 
rings at any given site x G A' are legal according to the East constraints {c^}x(^a> for 
the larger interval A. In particular the site z + 1 is not always free to flip as in the 
standard East model in A', but only when the conditioning path {riz{s')}s' <: s allows it. 
However, and that is the key for what follows, if the restriction r]\r to A' was distributed 
according to the stationary measure vr rather then being identically equal to 10, then 
this property would be preserved at any later time independently of the conditioning 
path {■nz{s')}s' <: s- Therefore 

F^{r]{s) G d^A,) ^ sup F^{7]is) G 9^ A, | {r/,(s')}s' < .) 
7r(r/A') q 

Corollary 5.10 now implies that 

\ / \ / 

where n = \\0g2 L\ ■ Thus 

In conclusion, a simple union bound over all possible rings in A within time t (see e.g. 
[13, after (5.12)]) gives 

„no(2) 

P^(3s < t : r]{s) G 8^ A,) ^ eLt^-— g-^^+i) + ^-Lt ^ ^(^^ 
' n! 

for all e small enough. The last identity follows from Theorem 2 and the fact that 7 < 1. 

□ 
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Appendix A. Capacity methods 



In this section we summarize some known results on potential theory for reversible 
Markov process, which can be found for example in [4, 16, 21], in the context of the 
East process. In Appendix 1.1 we give a more detailed motivation for the construction 
used to prove the lower bound of Theorem 2 and we provide an alternative proof of 
the upper bound in Appendix 1.2. 

We recall the definition of the electrical network associated to the interval A = [1,L]. 
We consider the undirected graph G\ with vertex set := {0, 1}^ and with edges 
given by {a, a^} with a G Oa, x G A and c^(cr) = 1. That is, there is an edge between 
two states if and only if there exists a transition between them under the East dynamics. 
We denote the edge set by E\. Since the East process is reversible we may associate 
with each edge {a, £,} E E\ a conductance c{a, ^) = c(^, a), generating a weighted 
graph (or network) in the usual way, 

c{a,0 ■■= TT{a)4{a)[p{l - a^) + qa^] , if ^ = , x e A. 

Equivalently, the resistance is defined as the reciprocal of the conductance r(cr, ^) = 
l/c{a,^). Note that if (cr,^) ^ then the conductance and resistance are defined as 
zero and +oo respectively. The definition is well posed since c(cr, ^) = c(^, a) ^ 0. 
With the above notation the generator of the East process (1.2) can be expressed as, 

Given S c we denote by tb the hitting time of the set B for the East process 

TB = inf{t > : r]{t) G B} . 

We also define the hitting time for the discrete-time chain induced by the East process, 
which has transition matrix P given by. 

If to = and ti,t2, . . . are the times of the rings in the continuous-time East process 
(which are given by a Poisson process with intensity L) then the law of the discrete 
process if{n) is the same as We denote the first return time under the discrete 

dynamics as r^, 

Tb = mm{n ^ 1 : rf{n) G 5} . 

For some a ^ B we define the capacity of the pair {{a},B) in the usual way (see for 
example formula (2.51) in [16]). In terms of the discrete chain generated by the East 
process this has a particularly simple representation: 

Ca,B = vr(a)P^(r: > r^) . (A.2) 
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The mean hitting time of B starting from {a} can be expressed in the following way 
(see for example formula (4.29) in [16]), 

Kim] = 7^ E < ^b) . (A.3) 

The capacity can also be characterized in terms of variational principles, which are use- 
ful for making estimates of Ca^B- The following variation principle, useful for finding 
upper bounds on the capacity, is known as the Dirichlet principle (see (3.12) in [16] or 
Theorem 3.2 in [4]): 

Ca,B = inf{PA(/) -.f-.n^^R, f{a) = 1 , /|b = 0} , (A.4) 

where the Dirichlet form I?a(/) is given in (1.4). 

For an alternative proof of the upper bound in Theorem 2 using a capacity argument 
we introduce the following definitions and results which can be found in [18] and [16] . 
We consider the same capacity network described above, Qj^ = (Oa, ^a), only now to 
each edge {a, r/} G E\ we associate two oriented edges (cr, ry) and (r/, a) (the set of 
oriented edges will be written ^a) • For any real valued function 6 on oriented edges we 
define the divergence at a point a G I^a by 

where ?] ~ cr if and only if there exists an edge between them in £Ja- 

Definition A. 1 (Flow from Ato B). A flow from the set A c ^Ato a disjoint set B cHa, 
is a real valued function 9 on E\ that is antisymmetric (i.e. 9{(J,r]) = —0{ri,a)) and 
satisfies, 

div6'(cj) = ifa^AuB, 
div6'(o-)^0 ifa€A, 
div6'(o-)<0 ifaeB. 

The strength of the flow is defined as \9\ = ^^eA div^(a). A flow of strength 1 is called a 
unit flow. 

Definition A.2 (The energy of a flow). The energy associated with a flow 6 is given by 

£{0) = r{e)9{ef . (A.5) 

Remark A.3. The sum in £{9) is over unoriented edges, so each edge {a, r/} is only con- 
sidered once in the definition of energy. Although 9 is defined on oriented edges, it is 
antisymmetric and hence 6{eY with e G E\is unambiguous. 

With the above notation Thomson's Principle holds, which gives a variational princi- 
ple for the resistance, useful for finding lower bounds on the capacity: 

R{A, B) := — ^ = inf{£:(6') : 9 a unit flow from ^ to B}, (A.6) 

Ca,b 

and, for any finite connected graph, the above infimum is attained by a unique min- 
imiser which we call the equilibrium flow. 
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1.1. Motivation for the proof of the lower bound in Theorem 2. We now use the 

above tools to justify our choice of the test function 1^, in Section 5.2.1. 

It turns out that on the mesoscopic scale, L = djcp , the hitting time Thit(-L) (see 
Equation (2.4)) is equivalent, up to constants, to q times i?(10, B) where B = {rji = 1}. 
So to estimate T^itiL) it is sufficient to find bounds on the capacity Cio,b. This is the 
content of the following lemma. 

Lemma A.4. Suppose that L = l/q"/ with 7 G (0, 1] and q < 1/2. Then there a universal 
constants c > such that 

^ThitiL) where B = {tjl = 1} . (A.7) 

Proof, li B = {riL = 1} then Eio[tb] = Thit(i). Since q < 1/2 there exists a positive 
c := (1/2)1/2^ ^ (1 - qV^'^''- We observe that 

cq ^ qil - q)^~' = 7r(10) ^ vr((T)P^(rio < tb) ^ 7r(S'=) = q , 

the result follows from (A.3). □ 

We can use Lemma A.4 and the Dirichlet principle (A.4) to get lower bounds on 
rhit(L). Indeed, for each / : I^a M such that /(lO) = 1 and /|b = we have 

It is known that the function / that realizes the minimum in (A.4) is 

/(r?) := F^ino < tb) , (A.9) 

and so we shall choose a test function for which it is possible to bound from above the 
Dirichlet form, and is in someway 'close' to P^(rio <tb). This motivates the choice of 
the deterministic dynamics in Section 5.2. 

1.2. An alternative proof of the upper bound in Theorem 2. We now give an alter- 
native proof of the upper bound in Theorem 2 using a recursive argument, with the 
same recursive scheme as used for the block dynamics proof (see Section 5.1), applied 
to flows on the electrical network. 

Firstly we recall some notation from the recursive scheme used in Section 5.1. We 
consider a sequence of increasing lengths satisfying (5.1), and let A'j+i = \^i/r'\ 

(see Fig. (3)). 

Proposition A.5. Let L' = £r, consider the electrical network associated with [1,L'] and 
let Ri be the resistance R{1, B^.) where B^. := {q : 7]£. =0, rj^ = 1 for x > £i}. Then 

6 

Ri+i ^ ARi + — — Ri , M i<r. 
qNi+i 

The proof of the upper bound now follows as a corollary from this proposition to- 
gether with the results on the iterative scheme contained in Section 5.1. We fix L ^ d/g 
and choose r = tq as defined at the end of Section 5.1. Since (recall ^ 2'^"+^) 

qNi+i = q\£i/rQ\ ^ + 1 ^ g^o + 1 ^ 8d/co + 1 
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Figure 3. A sketch of the lattice division for one step in the iterative 
scheme used in the proof of Proposition A.5. We consider a sequence 
of increasing lengths {liYi=i defined in (5.1). For each i < r, 
is divided into two overlapping intervals Ai and A2 of size £i, as show^n 
above, with intersection A and Ni^i = |A|. The sites in A are parame- 
terised by {^(^^if^'. 



we have ARi ^ {c{d) — 6)Ri/{qNi^i) for some positive constant c{d) depending only on 
d. The proposition above therefore implies that 

qNi+i 

hence 

„ c(d)V 
Rr ^ ill ^ — , where r = rn . 

Comparing with (5.5) and using the arguments at the end of Section 5.1 this gives rise 
to 

R{l,BeJ = Rro < g-^'^'^^^Y • f^-lO^ 

Recall that ir^ ^ L. We observe from (A.2) that 

R{1,Bl)^R{1,BiJ, (A.11) 

since starting from 1 the East dynamics must cross Bl to reach B^^ . The same proof 
as for Lemma A.4 shows that [r^^=o] ^ R{^, Bl), and by Proposition 3.2 we have 
Thit{L) < E^[r^^=o]j so the upper bound on the relaxation time in Theorem 2 follows 
as a consequence of the equivalence of the characteristic times in Theorem 1 together 
with (A. 10) and (A.11). 

Proof of Proposition A. 5. Fix i < r, similarly to Section 5.1 we consider the interval 
= dived into two overlapping intervals 

Ai:=[l,ii] A2:=[i^+l-l^ + l,l^+l]. 

The intersection A := Ai n A2 = [ii+i — ii + contains A^i+i ^ 1 sites by (5.1) (see 
Fig. 3). To reduce notation throughout the proof we fix := A^i+i. 
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Figure 4. The construction of the flow + (pi + cpi in the first step 
(i = 1) of the recursive scheme used in the proof of Prop. A.5. Note 
=j, £2 = 5, A = {3} and N = 1, for all r > 2 (see (5.1)). (f>i, 4>i 
and (pi have disjoint support. Arrows show the direction of the flow and 
the labels indicate which flow is non-zero on each edge. The flow (pi is 
obtained from (pi by a projection and inversion, the ticks indicate edges 
with equal flow strength, (pi is obtained via association with 0o under 
a shift. The left and right images join on the common vertex shown by 
the 'o'. 



Let = (ii-N+j) G A for J e {1,... ,A^} and define := It-N. ForO ^ j ^ iV 
let (pj be the equilibrium unit flow from 1 to B^^j) . By Thomson's Principle and the same 
argument leading to (A. 11) we have 

max £((pi) = £{(Pn) = Ri ■ 
je{o,i,...,N} 

Fix j G {1, . . . , N}. We now define (pj, an antisymmetric function on oriented edges, 
with support on edges between elements of such that (pj + (pj is a unit flow 

from 1 to the configuration lOjl := {i] : rj^(j) = 0, rj^ = 1, for x / l^^^. The East 
dynamics on the first i^^'^ — 1 sites is not influenced by the spin on site so the 
structure of the electrical network between configurations in B^(j) is identical to that 
on {rj : rjx = I for x ^ i^^'^} up to a factor oi p/q in the edge resistance (see Fig. 4). We 
therefore define (pj by 'reversing' (pj on edges which are equivalent under a projection 
onto the first £^^^ — 1 sites, 

I otherwise . 

Recall from (1.1) that ry^'^' is the configuration rj with the spin at site £^^^ flipped (in 
this case flipped to 1). It is straightforward to check that (pj + (pj defines a unit flow 
from 1 to the point 10^1, we postpone the proof until the end. 
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We now define 0j as a unit flow from lOjl to Bg^^-^. Observe that ^j+i — i^^^ = 
< see Fig. 3. So we define by keeping the vacancy at i^^'^ fixed and 'shifting' 
the equilibrium flow from 1 to B^^n-j) (given by <pN-j) onto the lattice [i^^'^ + 
where the constraint on the site i^^^ + 1 is always satisfied because of the fixed vacancy. 
Define Cf^(j) := {rj : r]^(j) = and r/^ = 1 for a; < l^^^ then 

I otherwise, 

where the shift is given by 

1 otherwise. 



Claim A.6. For each j G {1, . . . , N}, + 4)j + (f>j is a unit flow from 1 to B^.^^. 

In light of this claim, now define 6 as the normalised sum of the unit flows from 1 
toS^^+i over j G {l,...,iV}; 



1 ^ 



TV 

N 

N N N 

j=i j=i j=i 

Since B^(i) n B^^j) = 0, for i / j, {(f>j}jLi have disjoint support, also C^(,) n C^(3) = 
for i / j, so the same holds for therefore by iterating Lemma A.7 (3) we have 

= £{4>j) (and similarly for (f>j). It follows, again from Lemma A.7, that 

^ 4 ( maxiS((/),) + — maxiS(0j) ) + — max<5(0j) . (A.13) 
V i iV i J N j 

Also for each (cr, t?) with (j)j{a,rj) > there exists a unique edge (cr^'^\ 77^'^^) such that 
(l)j{a^^'^\r]^^^^) > andr((T, 77) = pr{a^''^\ri^^^^ ) /q (similarly for so 

maxiS(i;^),) ^ — maxi5((^,) ^ ^^^^^ _ ^ 
J g i g q 

maxi5((/),) ^ — maxiS((/>,) ^ _ ^ 

i (? i q q 

The result now follows by combining the above bounds with (A.13) and applying 
Thomson's Principle (A.6), since 6 is a unit flow from 1 to Bi.^-^ (combine Claim A.6 
with Lemma A.7 part (1)). □ 
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'j + is a unit flow 



Proof of Claim A. 6. Fix j G {1, . . . , N}, we show that 9 = (pj + 
from 1 to B£._^_-^. Firstly observe that cpj, and (f)j have support on three disjoint edge 
sets; 



(t)j{(y,ri) > 
^j{a,ri) > 
^(t)j{a;rj) > 



where, setting A = [l,£r 



El = {{a, rf) G E\ : (Tx=?/a;=l Vx > and at most one of a, rj have a vacancy at i^^^} , 
-^2 = {{(y-.rj) G : (T^=ry3.=lV2; > a(^u)='ni>U)=^} and finally, 
E'i = {(o-,??) G : ax=r]x = '^^x < a(^u)='ni>U)=^} ■ 

div 6{\) = 1 since there exists only a single edge connected to the state 1, and this edge 
belongs to Ei, then since (pj is a unit flow from {1} we must have diw (f)j{\) = 1. We 
now check that div6'(cj) = for cj G Bj^^^ \ {!}. If a G {r? : t?^. = 1 Vx ^ then 
div6'(cr) = div0j((T) = 0. Whereas, if a G 5^^) \ {10^1} then 

dive(a)= ^(^,^^) = 'A,(^,cT^''V{.,(,)_^=0}(^)+ E ^^•(^'^") 



a-i_i=0 



O"x-l=0 



(i) 



z<£(-'): 

O-a;-l=0 



-div ( 



0. 



Note that in the first sum x = i^^^^ + 1 does not appear since 9{a,a^) = because 
a G \ {lOjl}. Finally it is simple to check directly that the divergence on the 
configuration 10^1 is zero since there are only two configurations which are reachable 
from here under the East dynamics, by flipping the spin on site 1 or on site i^^^ + 1 

divG(lOjl) = (^j(10jl,10jl^''''+^) - 4>j{Mjl\Mjl) 
= (PN-j{l,l')-<Pji^a^) = 1-1 = 0. 

The remaining relevant configurations are given hy {rj : rjx = I for x < i^^"* , /^^(j) = 0}, 
but on this set the flow is simply given by the unit flow from 1 to {?] : 77^.^^ = 0} 
on the lattice [i^^'^ + with a zero boundary condition at i^^^ and therefore zero 

divergence is inherited from (j)N-j- Non-positive divergence on Bi-^-^ is also inherited 
from 4>N~j- D 



Lemma A.7. The following three results are used in the proof of the upper bound using 
flows: 

38 



(1) If unit flows from A to Bi then Y^i=i G-i is a unit flow from A to 

U, 5^ and 




(A. 14) 



(2) For two flows 6i and 02, 

8{9i + ^2)^2 {8{6i) + 8{62)) . (A.15) 

(3) Suppose Q = 61 + 62 is a flow from Ato B and 9i{e) / implies 02(e) = 0. Then 

£{Q)=£{ei) + £{e2). (A.16) 

Proof Let @{x, y) := Yld=i y), since each 9i is antisymmetric and a linear combi- 
nation of antisymmetric functions is antisymmetric so is @. Zero divergence on {AuBy, 
non-negative divergence on A and non-positive on B, and unit strength all follow from 
linearity of the divergence. So 6 is a unit flow from A to |J • Bi. Inequality (A.14) and 
(A.15) both follow from simple applications of the Cauchy-Schwarz inequality. 

Part (3) is immediate from the definition of the energy, by decomposing the sum in 
(A. 5) over two non intersecting sets, one on which 61 is non-zero and another on which 
02 is non-zero. □ 
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